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1. INTRODUCTION
Various problems in system identification involve characteristics which
w xare essentially non-probabilistic in nature 49 . In response to this situation
L. A. Zadeh introduced in 1965 fuzzy set theory as an alternative to
probability theory. His fundamental idea consists in understanding lattice-
valued maps as generalized characteristic functions of some new kind of
 .subsets so-called fuzzy sets of a given universe. For historical reasons we
 w x.quote Zadeh's original definition cf. 50 .
 . w xA fuzzy set class A in a given set X is characterized by a membership
 .  .characteristic function f x which associates with each point x in X a realA
w x w number in the interval 0, 1 or in a suitable, partially ordered set P cf.
w x.x  .footnote 3 in 50 , with value f x at x representing the ``grade of member-A
ship'' of x in A.
It is not difficult to observe that this definition entails some problems:
What has been characterized and on what basis? Are fuzzy subsets and
lattice-valued maps the same things? Does there exist a mathematical
context
to justify renaming lattice-valued maps as generalized characteristic
functions?
In the subsequent years fuzzy set theory passed through various modifi-
cations; also L. A. Zadeh reformulated his theory in 1978 in terms of
w xpossibility theory 51 . Further historical details can be found in the
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editorial of the second issue of the Special Memorial Volume Mathemati-
cal Aspects of Fuzzy Set Theory and in the introduction to the book
 w x.Non-classical Logics and Their Applications to Fuzzy Subsets cf. 13, 18 .
In the following considerations we restrict our interest only to founda-
 .tion-theoretically oriented aspects of fuzzy set theory resp. fuzzy logic ,
especially to their mathematical semantics. We distinguish two main-
streams:
v  .Plausibility theory including possibility and probability theory .
v Non-classical model theory.
 w x .In both cases lattice-valued resp. 0, 1 -valued maps play a dominant role.
The purpose of this paper is twofold: On one hand, we give for the first
time a coherent presentation of some of the most important results of
these disciplines; on the other hand, we apply these methods to long-stand-
ing open problems of fuzzy set theory. A typical situation is fuzzy control
theory. Starting from such fundamental phenomena as indistinguishability
and local extent of existence we develop in terms of singletons and many-
valued equalities the mathematical semantics of the so-called fuzzy control
situation. In particular, we give a mathematically sound solution of the
w xfuzzification and defuzzification problem 25, 26 .
2. PLAUSIBILITY THEORY
It is a well-accepted observation that real world problems involve
different kinds of vague environments. Here we are interested in those
environments which are determined by so-called uncertainty experiments,
i.e., by experiments in which small changes of input data result in enor-
w xmous changes of output data. Referring to Los 27, 28 the mathematical
description of such environments consists in a special linkage of logico]al-
gebraic, decision theoretical, and analytic structures and is based on three
fundamental notions: e¨ents, realizations of e¨ents, and uncertainty of e¨ents.
The lattice of events forms usually the logico]algebraic part; the set of
realizations refers to the decision theoretical aspects intrinsically related to
the given uncertainty experiment, and the uncertainty of events forms an
analytic property usually expressed by a measure which assigns to each
event a real number from the unit interval.
2.1. Basic Axioms
In a plausibilistic environment the situation is as follows: The lattice L
of e¨ents l is s-complete and is provided with an order-reversing involu-
 . X Xtion 9: L ¬ L; i.e., l9 9 s l, l F l m l F l . Obviously the De Morgan1 2 2 1
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laws hold:
9 X Xl s l , l s l .E H H En n n n /  /
ngN ngN ngN ngN
 . In particular the universal upper resp. lower bound in L i.e., the
.  .infimum, resp. supremum, of the empty set is denoted by 1 resp. 0 .
Typical examples are s-complete orthomodular lattices or the real unit
w xinterval 0, 1 provided with the following order-reversing involution:
w xl9 s 1 y l , l g 0, 1 .
 4A realization of events is a map v : L ¬ 0, 1 , satisfying the subsequent
conditions
v 0 s 0, v 1 s 1, v l k l s max v l , v l . .  .  .  .  . .1 2 1 2
We view realizations as outcomes of the associated plausibilistic experi-
ment and understand the previous properties as the decision theoretical
axioms of plausibility theory. In particular an e¨ent l occurs w.r.t. a given
 .realization v iff v l s 1.
w xA map m: ¬ 0, 1 is called a plausibility measure on L iff m satisfies the
 w x.following axioms cf. also 35, 44 :
 .  .  .PL1 m 0 s 0, m 1 s 1
 .  .  .PL2 l F l implies m l F m l1 2 1 2
n n i
iy1 .  .PL3 m l F y1 m lH   Ei jk /  /
is1 is1 1Fj - ??? -j Fn ks11 i
 .  .PL4 l F l , sup m l s m l .En nq1 n n /
ngN ngN
 w x.Remark 2.1.1. Let L s B be a s-complete Boolean algebra cf. 47 .
Then every probability measure m has the property
n n i
iy1
m l s y1 m l ; .H   Ei jk /  /
is1 is1 1Fj - ??? -j Fn ks11 i
hence very probability measure is also a plausibility measure.
EXAMPLES 2.1.2. Let X be a nonempty set; then the lattice theoretical
w x w x Xoperations on 0, 1 can be extended pointwise to 0, 1 :
f n g x s min f x , g x , f k g x s max f x , g x , .  .  .  .  .  .  .  . .  .
f 9 x s 1 y f x . .  .
w x XThen 0, 1 is a s-complete lattice with an order-reversing involution.
w x  .Moreover, every map h: x ¬ 0, 1 with sup h x s 1 induces a plausi-x g X
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w x Xbility measure m on 0, 1 byh
Xw xm f s sup f n h x , f g 0, 1 . .  .  .h
xgX
w xAccording to the terminology proposed by Zadeh 51 the map m is calledh
a possibility measure and h its possibility distribution.
Now we proceed to describe the special linkage between plausibility
measures and realizations. As the reader will see immediately, this linkage
is essentially measure theoretical in nature. We prepare the situation as
follows:
 4LLet L be the lattice of events; on 0, 1 we consider the product
 4topology t with respect to the discrete topology on 0, 1 . Then the setp
 .  4LR L of all realizations of L is a t -closed subset of 0, 1 . We concludep
 w x.  .from the Tychonoff theorem cf. 3 that R L , provided with the relative
 .topology t induced by t is a totally disconnected, compact, topologicalr p
space.
 w x.THEOREM 2.1.3 Measure theoretical representation 12, 17 . For e¨ery
plausibility measure m on L there exists a unique t -regular Borel probabilityr
 .measure n on the compact space R L of all realizations satisfying them
conditions
 .   .  . 4.  .b1 n v g R L ¬ v l s 1 s m l for all l g Lm
 .   .  .  . 4.b2 n v g R L ¬ v E l s 1, v l s 0 ;n g N s 0,m ng N n n
where l F l , n g N.n nq1
Proof. The axioms of realizations imply that for all finite subsets K of
L the relation
v g R L ¬ v l s 0 s v g R L ¬ v E K s 0 4  4 .  .  .  .F
lgK
 .holds; i.e., the set-algebra A of all cylindric subsets of R L has a
l-stable system,
E s v g R L ¬ v l s 0 , l g L , 4 4 .  .
 .  .of generators. Referring to PL1 ] PL3 we can introduce a finitely addi-
 .tive probability measure h on A as n g Nm
 4h v g R L ¬ v l s 0, v l s 1 ; i g 1, 2, . . . , n 4 .  .  . .m 0 i
n i
iy1s y1 m l k l y m l , .  .  E0 j 0k / / /is1 1Fj - ??? -j Fn ks11 i
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 4where H s l , . . . , l . Since every cylindric set is compact, we can extend1 n
h to a s-additive Baire probability measure h . By definition h fulfillsm m m
 .  .  .b1 and because of PL4 also b2 . Finally we can extend in the usual way
 .h to a regular Borel probability measure n on R L .m m
COROLLARY 2.1.4. A plausibility measure m on L is a ¨aluation i.e., m
 .  .  .  ..fulfills the additional property m l q m l s m l k l q m l n l if1 2 1 2 1 2
and only if the representing regular Borel probability measure n satisfies them
condition
 .   .  .   .  .. 4.b3 n v g R L ¬ v l n l s min v l , l ; l , l g L s 1,m 1 2 1 2 1 2
i.e., the support of n is contained in the set of all lattice-homomorphismsm
 4v : L ¬ 0, 1 .
Proof. From the definition of n we deducem
n v g R L ¬ v l s 1, v l s 1, v l n l s 0 4 .  .  .  . .m 1 2 1 2
s m l q m l y m l k l y m l n l ; .  .  .  .1 2 1 2 1 2
hence the assertion follows.
  .Since realizations separate points i.e., ; l , l g L = L, l / l 'v g1 2 1 2
 .  .  ..   .R L : v l / v l , we can identify an event l with the set v g R L ¬1 2
 . 4v l s 1 . In this context Theorem 2.1.3 shows that every plausibility
measure is a restriction of an appropriate Borel probability measure.
Therefore from an analytic point of view plausibility theory is not a proper
extension of probability theory. But if we take the decision]theoretical
point of view, then the situation is quite different: Corollary 2.1.4 indicates
a fundamental difference between probability and plausibility theory; in
particular, realizations of plausibilistic experiments are in general less
 .specific than those of probabilistic i.e., random experiments. We will
return to this point in the next subsection.
 .  .Remark 2.1.5 Historical comments . a The dual concept of plausibil-
ity measures m is that of belief functions b, which goes back to the early
w xwork of Shafer 44, 45 . With regard to the De Morgan laws this relation-
 .  .ship can be described as follows: b l s 1 y m l9 ; l g L.
 .b In the case of probability measures on Boolean algebras Corollary
 w x.2.1.4 was first obtained by Sikorski 1949 cf. 46 .
 .  .  .c Let X, M be a measurable space and s M be the set of all
w x  .M-measurable maps f : X ¬ 0, 1 . Then s M is a s-complete lattice with
an obvious order-reversing involution, and every plausibility measure which
 . is also a valuation on s M is called a fuzzy probability measure cf.
w x.20, 21 . In 1980 Klement gave a complete characterization of fuzzy
probability measures in terms of ordinary probability measures and Markoff
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 w x.kernels see also 4 . It is not difficult to see that the Markoff kernel
representation of fuzzy probability measures and the representing Borel
 w x.probability measure in Corollary 2.1.4 are equivalent concepts cf. 17 .
2.2. Realizations Associated with Special Types of Plausibility Measures
2.2.1. Probabilistic Case. Let L s B be a s-complete Boolean algebra
and let m be a probability measure on B. Then all realizations v coincide
n -almost everywhere with ordinary, characteristic functions of ultrafiltersm
 .on B cf. 2.1.4 . In particular the so-called Kolmogoroff decision holds: An
event l g B occurs iff the complement l9 does not occur. Moreover, if m is
 .atomless resp. atomic , then all realizations are n -almost everywherem
 .determined by free resp. fixed ultrafilters.
 .2.2.2. Possibilistic Case. Let P X be the ordinary power set of a
 .given, nonempty set X and m be a possibility measure on P X }i.e.,h
w x  .  .there exists a map h: X ¬ 0, 1 with sup h x s 1 such that m A sx g X h
 .sup h x . In particular, m is the restriction of a possibility measurex g A h
w x X  .defined on 0, 1 cf. 2.1.2 . Further, we assume that the range of h is at
w wmost countable. Then there exists a Borel measurable map Q : 0, 1 ¬h
  ..R P X determined by
Q a s v , .h a
where
1, A l x g X ¬ h x ) a / B 4 .
v A s .a  0, A l x g X ¬ h x ) a s B. 4 .
It is not difficult to see that the representing measure n corresponding tomh
m is the image measure of the Lebesgue measure under Q . Henceh h
n -almost everywhere all realizations of m are of type v . With regard tom h ah
 .the Kolmogoroff decision cf. 2.2.1 only one part of the bi-implication
holds: If the complement of A does not occur, then A occurs. On the
other hand, if A occurs, then in general realizations of possibility mea-
sures do not contain any information concerning the occurrence of the
complement of A i.e., we do not know what happens to the complement
.of A . In this sense realizations of possibility measures are less specific
than those of probability measures.
2.3. Information Theory Based on Plausibility Theory
Let L be a s-complete lattice with an order-reversing involution 9; and
 4  .let v : L ¬ 0, 1 be a realization cf. 2.1 . An event l g L is said to be
 .  .discernible from l9 w.r.t. v iff v l / v l9 . An event l g L is indiscernible
 .  .from l9 w.r.t. v iff v l s v l9 .
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 .Remark 2.3.1 Orthomodular case . Let L be a s-complete, orthomod-
 4ular lattice. Further, let v : L ¬ 0, 1 be a realization, and let l g L be an
  . .event. If l does not occur w.r.t. v i.e., v l s 0 , then l and l9 are
 4discernible w.r.t. v. Moreover, if v : L ¬ 0, 1 is a lattice-homomorphism
  ..cf. 2.1.4 , then all elements l g L are discernible from their comple-
ments l9 w.r.t. v.
Let m be a plausibility measure on L. Then we can introduce for each
 4 realization v : L ¬ 0, 1 the maximal information of discernibleness resp.
.indiscernibleness at least in two ways:
e1. v s sup y ln m l ? v l ? 1 y v l9 4 .  .  .  . .  . .m
lgL
e2. v s sup y ln m l k l9 y m l ? 1 y v l ? v l9 4 .  .  .  .  . .  . .m
lgL
s1. v s sup y ln m l q m l9 y m l k l9 ? v l ? v l9 4 .  .  .  .  .  . . .m
lgL
s2. v s sup y ln 1 y m l k l9 ? 1 y v l ? 1 y v l9 . 4 .  .  .  . .  .  . .m
lgL
 i.  . w x  i.  . w xWe observe that the maps e : R L ¬ 0, q` and s : R L ¬ 0, q`m m
 .  .i s 1, 2 are lower semicontinuous w.r.t. the given topology t on R L ;r
 i.  i.  .hence e , s are Borel measurable i s 1, 2 . Since entropies are meanm m
values of information functions, we can use the m representing Borel
 .probability measure n on R cf. 2.1.3 and define the entropies ofm
 .discernibleness resp. indiscernibleness as
Em1. s e1. dn , E2. s e2. dn ,H Hm m m m m
 .  .R L R L
S 1. s s1. dn , S 2. s s2. dn .H Hm m m m m m
 .  .R L R L
1.  2..In accordance with the previous interpretation E resp. E is calledm m
 .the entropy of discernibleness of the first resp. second kind of the plausibil-
1.  2..ity measure m. S res. S is said to be the entropy of indiscernibleness ofm m
 .the first res. second kind of m.
 .PROPOSITION 2.3.2 Shannon's entropy . Let X be a nonempty set, let m
be an atomic probability measure on the power set of X, and let A be the set
of atoms of m. Then the entropies of discernibleness and indiscernibleness of m
are gi¨ en by
1. 2.  4  4 1. 2.E s E s yln m x ? m x , S s S s 0, .  . .m m n n m m
x gAn
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 .Proof. Let P X be the power set of X. We define a map Q:
  ..X ¬ R P X by
1: x g A
Q x s v , v A s , x g X . .  .x x  50: x f A
 .Then Q is trivially Borel measurable and the image measure Q m of m
under Q coincides with the Borel probability measure representing m cf.
.2.2.1 . Now we observe
1. 2. 1. 2.  4s (Q s s (Q s 0, e (Q x s e (Q x s yln x , x g X ; .  .  .m m m m
hence the assertion follows.
 .PROPOSITION 2.3.3 Possibility measures . Let X be an ordinary,
w xnonempty set, h: X ¬ 0, 1 be a map with an at most countable range, and
 .let m be the possibility measure on the ordinary power set P X of Xh
 .induced by h cf. 2.2.2 . Then the entropies of discernibleness and indis-
cernibleness are gi¨ en by
11. 2. y1 w xE s 0, E s y ln 1 y sup h h 0, a da . 4 . .Hm mh h
0
12. 1. y1 x wS s 0, S s y ln inf h h a , 1 da . . 4 . .Hm mh h
0
w w   ..Proof. Let us consider the measurable map Q : 0, 1 ¬ R P Xh
defined in 2.2.2. Referring to the equivalence
v A s 0 m A ; x g X ¬ h x F a m m A F a A g P X , 4 .  .  .  . .a h
we easily establish the following relations:
1. w we (Q a s 0 ;a g 0, 1 .m hh
2. y1 w xe (Q a s yln 1 y sup h h 0, a .  . 4 . .m hh
1. y1 x ws (Q a s yln inf h h a , 1 . .  . 4 . .m hh
2.  .By definition we have s s 0 cf. 2.3.1 . Since n is the image measure ofm mh h
the Lebesgue measure under Q , the assertion follows.h
Remark 2.3.4. It is remarkable to see that in probabilistic environments
both types of entropies of discernibleness are the same and coincide with
Shannon's entropy. If we pass to possibilistic or more general plausibilis-
. tic environments, then new, powerful types of entropies e.g., entropies of
.indiscernibleness arise which in the probabilistic case collapse into mean-
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ingless concepts. Therefore, from the point of view of information theory,
plausibility theory differs essentially from probability theory.
3. NON-CLASSICAL MODEL THEORY
3.1. Monoidal Logic
In this section we consider lattice-valued maps as interpretations of unary
predicate symbols. We start our considerations with the formulation of the
monoidal sentential calculus.
Let L be a formalized language of order zero}i.e., the underlying
 4alphabet A is the union of a countable infinite set V s ¨ , ¨ , ¨ , . . . , a1 2 3
 4  .  4finite set !, n , k , ª , m of logical symbols, and of a set , of
. auxiliary symbols , . A well-formed formula a is defined recursively as
follows:
v An element ¨ of V is a well-formed formula.
v If a is a well-formed formula, then ! a is a well-formed formula.
v  .  .If a and b is a well-formed formula, then a k b , a n b ,
 .  .a ª b , a m b are also well-formed formulas.
L consists of all well-formed formulas. Now we are in the position to
describe the monoidal sentential calculus as follows:
As logical axioms we assume the following axiom schemes:
 .  .  .  ...  .T1 a ª b ª b ª g ª a ª g Syllogism Law
 .   ..T2 a ª a k b
 .   ..T3 b ª a k b
 .  .  .  . ...T4 a ª g ª b ª g ª a k b ª g
 .  . .T5 a n b ª a
 X .  . .T a m b ª a5
 .  . .T a n b ª b6
 X .  .  ..T a m b ª b m a6
 Y .  . .   ...T a m b m g ª a m b m g6
 .  .  .   ....T g ª a ª g ª b ª g ª a n b7
 .   ..  . ..  .T a ª b ª g ª a m b ª g Importation Law8
 .  . .   ...  .T a m b ª g ª a ª b ª g Exportation Law9
 .  . .  .T a m ! a ª b Duns Scotus10
 .   .. .T a ª a m ! a ª ! a .11
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 .As a unique inference rule we apply Modus Ponens MP }i.e., if a and
 . a ª b , then infer b. The notion theorem resp. provability of a well-
.formed formula a is defined in the usual way. In particular, if a is
provable, then we use the notation & a .
 .LEMMA 3.1.1. Let SC be the monoidal sentential calculus. Then for all
a , b , g g L the following relations hold:
 .  .i & a ª a
 .   ..ii & a m a ª b ª b
 .    ...iii & a ª b ª b m a
 .   ..iv If & a , then & b ª b m a
 .   ..v & a ª b ª a
 .  .  .  ...vi & b ª g ª a m b ª a m g .
 .Proof. Because of the exportation law, T , the formula9
a m a ª a m a ª a ª a m a ª a ª a ª a .  .  . .  . .  . . .
 .  .  X .  X .is provable. Then i follows from T , T , T , and several applications1 5 6
 .  .  .  .  .of MP . The relation iv is a consequence of iii . Further, ii , iii , and
 .  .  .  X .  X .  .  .v follow immediately from i , T , T , T , T , and T . In order to1 5 6 8 9
 .  .  .  .  X .verify vi we first infer from ii , iii , T , and T that1 6
b m b ª g ª a ª a m g .  . .  . .
X Y .  .  .  .  .  .is provable. Hence vi follows from T , T , T , T , and T .1 6 6 8 9
 .An important consequence of the syllogism law and the assertion i is
the fact that the relation d defined by
a d b m& a ª b .
is a preorder on the set L of all well-formed formulas. If ; is the
  .equivalence relation associated with d i.e., a ; b m& a ª b and
 ..& b ª a , then we can consider the quotient L s Lr; of all equiva-
lence classes of logically equivalent formulas. In particular, d induces a
 .  .  .  .partial ordering F on L. Referring to T ] T , T , and v , it is easy2 7 10
 .  4to see that L F is a lattice with the top element 1 s a g L ¬& a .
 .  X .  .Because of T , T , and vi the logical symbol m defines a binary1 6
operation ) on L as
w x w x w x w x w xa ) b s a 9 m b9 , where a 9 g a , b9 g b .
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 X .  X .  Y .  .  .  .From the axioms T , T , T , T , T , and iv we conclude that5 6 6 8 9
 . w x L F , ) is an integral, residuated, commutative l-monoid 2 }i.e., L
.F , ) fulfills the following axioms.
v  .L, F is a lattice with universal bounds.
v  . L, ) is a commutative monoid s.t. the universal upper resp.
.  .lower bound acts as unity resp. zero w.r.t. ).
v There exists a further binary operation ª on L such that the
condition
a ) b F g m a F b ª g
holds for all a , b , g g L.
 .In particular L, F , ) is also called the Lindenbaum algebra of the
monoidal sentential calculus. Before we consider some important special
cases of monoidal logic, we enrich our terminology.
DEFINITION 3.1.2. An integral, commutative residuated l-monoid
 . w xL,F , ) is called a Heyting algebra 19 iff ) s n. An integral, commuta-
 .tive, residuated l-monoid L F , ) is said to be an integral commutative
w x  .Girard-monoid 15 iff the relation a ª 0 ª 0 s a holds for all a g L.
 .An integral commutative Girard-monoid L, F , ) is an MV-algebra iff
 . w x  .L, F , ) is di¨ isible 15 }i.e., the inequality a n b F a ) a ª b holds.
 .An integral commutative residuated l-monoid L, F , ) is a Boolean
w x  .algebra 47 iff L, F , ) is an MV-algebra and a Heyting algebra.
If we add to the system of logical axioms of monoidal logic the law of
idempotency} i.e., the axiom schema
 X .   ..T a ª a m a ,12
then the logical symbols m and n are logically equivalent, and the
Lindenbaum algebra is a Heyting algebra. In this context the extended
axiom system reduces to the axioms of intuitionistic logic and SC coincides
with the intuitionistic sentential calculus.
If we adjoin to the axioms of monoidal logic the law of double
negation}i.e., the axiom scheme
 Y .  .T !! a ª a ,12
then the Lindenbaum algebra is a Girard-monoid, and we arrive at
w xGirard's commutative linear logic 9 .
If we add to the axiom system of monoidal logic the law of di¨ isibility}
i.e., the axiom schema
 Y .  .   ...T a n b ª a m a ª b12
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 Y .and the law of double negation T , then the Lindenbaum algebra is a12
 w x.divisible Girard-monoid}i.e., an MV-algebra cf. 5 . In this contest the
extended axiom system reduces to the so-called Wajsberg axioms of
Łukasiewicz logic,
v   .. a ª b ª a Affirmation of the
.Consequent
v  .  .  ...  .a ª b ª b ª g ª a ª g Syllogism
v  . .  . ...a ª b ª b ª b ª a ª a
v  .  ..  .! a ª ! b ª b ª a Contraposition
 .and we arrive at èukasiewicz infinitely valued sentential calculus.
 X .  Y .Finally we adjoin to the axioms of monoidal logic the axiom T , T ,12 12
 Z .T . Then we obtain the classical sentential calculus; and the Linden-12
baum algebra is a Boolean algebra.
 .Remark 3.1.3 Algebraic semantics of languages of order zero . Let L
 .be a formalized language of order zero, and let M s L, F , ) be an
arbitrary, integral, residuated, commutative l-monoid. An assignment of
M-¨ alues is a map l: V ¬ L. A M-valuation is a map f : L ¬ L provided
with the properties:
f ! a s f a ª 0 .  .
f a k b s f a k f b , f a n b s f a n f b .  .  .  .  .  . .  .
f a m b s f a )f b , f a ª b s f a ª f b . .  .  .  .  .  . .  .
 .a Every assignment l of M-values has a unique extension to a
M-valuation f : L ¬ L. In this sense every assignment of M-valuesl
determines a ``truth ¨alue'' of a well-formed formula a .
 .  .b If M s L, F , ) is the Lindenbaum algebra corresponding to
the monoidal sentential calculus SC, then the quotient map from L to
L s Lr; is an M-valuation.
 .PROPOSITION 3.1.4 Soundness and completeness of SC . Let a be a
well-formed formula. Then the following assertions are equi¨ alent:
 .i & a
 .ii For e¨ery integral, residuated, commutati¨ e l-monoid M and for
 .e¨ery assignment l of M-¨ alues the equation f a s 1 holds.l
Proof. Obvious.
w xIn many problems the real unit interval 0, 1 is regarded as a ``set of
w xtruth ¨alues.'' In this context it is interesting to note that 0, 1 can be
ULRICH HOHLEÈ798
provided with various semigroup structures:
Min a , b s min a , b .  .
Prod a , b s a ? b .
T a , b s max a q b y 1, 0 .  .m
min x , y , 1 - x q y .
T x , y s .0  0, x q y F 1.
Referring to the terminology specified in Definition 3.1.2 we make the
observation:
v w x .  .0, 1 , F , Min is a complete Heyting algebra.
v w x .  .0, 1 , F , T is a complete MV-algebra.m
v w x .  .0, 1 , F , T is an integral, commutative complete Girard-monoid.0
v w x .0, 1 , F , Prod is an integral, divisible, residuated, commutative
l-monoid which is neither a Heyting algebra, nor an MV-algebra and nor a
Girard-monoid.
 .THEOREM 3.1.5 Soundness and completeness of èukasiewicz logic .
Let SC be the sentential calculus w.r.t. Łukasiewicz logic, and let a be a
well-formed formula. Then the following assertions are equi¨ alent:
 .i & a .
 .ii For e¨ery MV-algebra M and for e¨ery assignment l of M-¨ alues the
 .equation f a s 1 holds.l
 . w x . w xiii If M s 0, 1 , F , T , then for all assignments of 0, 1 -¨alues them
 .equation f a s 1 holds.l
w xProof. See 40, 5, 6, 33 .
In order to formulate the monoidal predicate calculus we enrich the
situation as follows: First we define a formalized language L of first order.
We start from an alphabet A which is the disjoint union of an infinite,
 4countable set V s ¨ , ¨ , . . . of indi¨ idual variables ¨ , a finite set F of1 2 i
n-ary functional symbols f n., a finite set P of n-ary predicate symbols pn.,
 4  4a set L s !, k , n , m , ª of logical symbols, a set Q s ;, ' of
 .  4quantifier symbols, and a set ,,, of auxiliary symbols. We define
recursively terms and well-formed formulas as follows:
v An individual variable ¨ is a term.
v
n.If f is an n-ary functional symbol and t , . . . , t are terms, then1 n
n. .f t , . . . , t is a term.1 n
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v
n.If p is an n-ary predicate symbol and t , . . . , t are terms, then1 n
n. .p t , . . . , t is a well-formed formula.1 n
v If a is a well-formed formula, then ! a is also a well-formed
formula.
v  .  .If a and b are well-formed formulas, then a n b , a k b ,
 .  .a m b , a ª b are again well-formed formulas.
v If a is a well-formed formula and ¨ is an individual variable, then
 .  .;¨ a , '¨ a are well-formed formulas.
The formalized language L of first order consists of all well-formed
formulas.
Further, we assume the logical axioms of the monoidal sentential
calculus and the usual quantifier axioms}i.e., for each formula a and
each term t for which the individual variable ¨ is free in a , the following
expressions are axiom schemes,
;¨ a ª a ¨rt a ¨rt ª '¨ a , .  .  .  . .  .
 ..where a ¨rt denotes the result of replacing every free occurrence of ¨
by t .
As rules of inference we apply Modus Ponens and two quantifier rules:
 .  .   . .; From a ª b infer a ª ;¨ b , provided ¨ is not free in a .
 .  .  . .' From a ª b infer '¨ a ª b , provided ¨ is not free in b.
The notion theorem is defined in the usual way. In particular, if a is
provable, then this situation is denoted by & a .
The Lindenbaum algebra of the monoidal predicate calculus i.e., the
w xalgebra of all equivalence classes a of formulas b which are logically
.equivalent to a g L is again an integral, residuated, commutative
l-monoid satisfying the additional properties.
;¨ a s a ¨rt , '¨ a s a ¨rt , .  .  .  .H Et t
tgT tgT
 .where T is the set of all terms, BV a is the set of all bound variables in
 .a , FV t is the set of all free variables in t , and a is the result oft
 .  .replacing all variables ¨ g BV a l FV t by variables which do not
occur in t or a .
 . .DEFINITION 3.1.6 X, M -valued interpretations . Let X be an arbi-
 .trary nonempty set and M s L, F , ) be an integral, commutative
  .cl-monoid i.e., L, F is a complete lattice and ) is distributive over
 w x.  .  .arbitrary joins cf. 2, 39 . Further let F X be the set of all n-ary g N
 .operations f : X = ??? = X ¬ X on X, and P X be the set of all n-ary
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 . L-¨alued maps p: X = ??? = X ¬ L. An X, M -valued interpretation resp.
.realization of a formalized, first-order language L is a structure
 .X, Q , Q , where X is a nonempty set and1 2
Q : F ¬ F X , Q : P ¬ P X .  .1 2
 .   ..are maps. In this context Q f resp. Q p is also called an X-valued1 2
 .  .resp. M-valued interpretation of f resp. p . If we drop the third compo-
 .  .nent in X, Q , Q , then X, Q is said to be a realization of terms.1 2 1
 .EXAMPLES 3.1.7 Canonical interpretation . Let T be the set of all
terms t . Then every n-ary functional symbol f induces an n-ary operation
Äf : T = ??? = T ¬ T by
Äf t , . . . , t s f t , . . . , t . .  .1 n 1 n
Ä  4.Obviously A s T, f ¬ f g F is an algebra and V is a system of free
generators of A.
 .Further, let M s L, F , ) be the Lindenbaum algebra of the monoidal
Ã Ã Ã Ã .PC, M s L, F ) be the MacNeille completion of M and let j: L ¬ LÃ
Ãbe the canonical embedding. In particular, M is an integral, commutative
cl-monoid.
Ã .Now we are in the position to define a T, M -valued interpretation of
L as
Äv  .C f s f ;1
v   .. . w  .x. w  .xC p t , . . . , t s j p t , . . . , t , where p t , . . . , t denotes2 1 n 1 n 1 n
the equivalence class of all those formulas which are logically equivalent to
 .p t , . . . , t .1 n
 .T, C , C is called the canonical interpretation of L .1 2
 .PROPOSITION 3.1.8. Let X, Q be a realization of terms, and let l:1
 .V ¬ X be a map i.e., a X-¨aluation . Then there exists a unique extension of
l to a homomorphism h : T ¬ X}i.e., there exists a map h pro¨ided withl l
the following properties
 .  .1. h ¨ s l ¨ ;¨ g V.l
Ä  .   ..  .  ..2. h f t , . . . , t s Q f h t , . . . , h t f g F.l 1 n 1 l 1 l n
 .Proof. Since V is a system of free generators of A cf. 3.1.7 , the
assertion follows.
 .Remark 3.1.9 Algebraic semantics of first-order languages . Let L be
a formalized, first-order language. In order to associate ``truth ¨alues'' with
 .a given formula a g L we first fix an X, M -valued interpretation of L .
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Then every X-valued valuation l: V ¬ L induces a map R : L ¬ Ll
defined recursively as follows:
v   ..   .  ..  .R p t , . . . , t s p h t , . . . , h t , where p s Q p and h isl 1 n l 1 l n 2 l
 .the homomorphism corresponding to l cf. 3.1.8 .
v  .   ..R ! a s R a ª 0.l l
R a n b s R a n R b .  .  . .l l l
R a k b s R a k R b .  .  . .l l l
R a m b s R a )R b .  .  . .l l l
R a ª b s R a ª R b . .  .  . .l l l
v  . .  .  . .  .R ;¨ a s R a , R '¨ a s R a ,H El l¨ r x . l l¨ r x .
xgX xgX
where
l ¨ 9 , ¨ 9 / ¨ , .l ¨rx ¨ 9 s .  .  x , ¨ 9 s ¨ .
  . .DEFINITION 3.1.10 M-valued non-classical models . Let L be a for-
 .malized, first-order language and let a be a well-formed formula. a An
 .  .X, M -valued interpretation X, Q , Q of L is said to be a M-¨ alued1 2
 .model of a iff for all X-valuations l: V ¬ X the relation R a s 1 holdsl
 .  .cf. 3.1.9 . b We fix the underlying integral, residuated, commutative
 .l-monoid M. A well-formed formula a is called M-¨ alid iff every X, M -
valued interpretation of L is a M-valued model of a . If a is M-valid, then
this situation is denoted by * a .M
 .THEOREM 3.1.11 Soundness and completeness of monoidal PC . Let a
be a well-formed formula of the monoidal predicate calculus. Then the
following assertions are equi¨ alent:
 .i & a .
 .ii * & a for all integral, commutati¨ e cl-monoids M.M M
Proof. Since the rules of inference of PC are ``truth value'' preserving,
 .  .  .the implication i « ii follows from the construction cf. 3.1.9 . On the
Ãother hand, if we consider the MacNeille completion M of the Linden-
baum algebra of the monoidal PC and the canonical interpretation
 .  .T, C , C of L cf. 3.1.7 , then we can use as a T-valuation the canonical1 2
injection l : V ¬ T and obtain0
w xR a s j a . .  .l0
 .  .Hence ii implies also i .
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Since the structure of Heyting algebras and Girard monoids is preserved
under the MacNeille completion we obtain immediately from the previous
theorem the following corollaries.
 .COROLLARY 3.1.12 Soundness and completeness of intuitionistic PC .
Let a be a well-formed formula of the intuitionistic predicate calculus. Then
the following assertions are equi¨ alent:
 .i & a .
 .ii * a for all complete Heyting algebras H.H
 .COROLLARY 3.1.13 Soundness and completeness of linear logic . Let a
be a well-formed formula of Girard's integral, commutati¨ e, linear predicate
calculus PC. Then the following assertions are equi¨ alent:
 .i & a .
 .ii * a for all integral, commutati¨ e Girard monoids G.G
 w x.Referring to Scarpellini's result cf. 42 èukasiewicz predicate calculus
is sound but incomplete. In order to overcome this difficulty we add an
additional, infinitary inference rule
 .R From
! a ª ! a ª . . . a ª ! a . . . . . .
for all n g N, infer a
to èukasiewicz predicate calculus. This approach leads to a modified
version of èukasiewicz predicate calculus denoted by ŁPC*. Since the
Lindenbaum algebra of ŁPC* is semi-simple, the MacNeille completion
w xpreserves its MV-algebra structure 15 . Moreover, we observe that in this
w xcontext a version of Tarski's lemma is also valid 15 . Hence we obtain the
following important theorem.
  w x.THEOREM 3.1.14 Soundness and completeness of ŁPC* cf. 10 . Let
w x .a be a well-formed formula of ŁPC*. Further, let I s 0, 1 , F , T be them
w x  .canonical MV-algebra structure on the real unit inter¨ al 0, 1 see 3.1.5 . Then
the following assertions are equi¨ alent:
 .i & a .
 .ii * a for all complete MV-algebra M.M
 .iii * a .I
w xIf we base algebraically the semantics of fuzzy logic on 0, 1 -valued
interpretations of predicate symbols, then Theorem 3.1.14 shows that the
syntactic structure of fuzzy logic is given by the calculus ŁPC*.
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3.2. Formalized Theory of Identity and Existence Based on Monoidal Logic
 .In various scientific fields identity e.g., mathematical equations or local
 .existence of particles play a fundamental role. The purpose of this section
is to take care of this situation and to enrich the monoidal predicate
calculus in such a way that the set P of predicate symbols contains two
prominent predicates, namely a unary predicate symbol e interpreted as
extent of existence and a binary predicate symbol @ , #, reflecting the
concept of identity.
The formalized theory IE of identity and existence comprehends the
axioms and rules of inference of the monoidal predicate calculus and is
based on the following axioms for identity and existence:
 .    .  ...  .IE1 @t , t # ª e t n e t Strictness2 1 2
 .   . .  .IE2 e t ª @t , t # Reflexivity
 .  .  .IE3 @t , t # ª @t , t # Symmetry1 2 2 1
n
n.IE4 e f t , . . . , t ª e t , .  .  . . H1 n i /
is1
n. n.@s , s # ª @f t , t , . . . , s , . . . , t , f t , t , . . . , s , . . . , t # .  . .i i 1 2 i n 1 2 i n
n
n.IE5 p t , . . . , t ª e t , .  .  .H1 n i /
is1
e s ª @s , s # . . i i i
n. n.ª p t , . . . , s , . . . t ª p t , . . . , s , . . . , t . .  . . .1 i n 1 i n
 .The axiom IE1 means that identity implies existence. Moreover, we deduce
 .  .  .  X .  .  .from IE1 , T , T , T , T , and T that1 6 6 8 9
& e s ª @s , s # ª e s ª e s ; .  .  . .  . .
 .   . .hence, e always satisfies IE5 . Further, the relation & e t l @t , t #
 .  .  .  .  .follows immediately from IE1 , IE2 , T , T , T . Finally, the axioms1 6 7
 .  .IE4 and IE5 express a kind of compatibility of all functional and
predicate symbols with respect to the given, prominent symbols e and
@ , #.
 .  .EXAMPLES 3.2.1 M-valued equalities . Let M s L, F , ) be an inte-
gral, residuated, commutative l-monoid and let X be a nonempty set. A
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map E: X = X ¬ L is called an M-¨ alued equality on X iff E satisfies the
subsequent conditions:
 .  .  .  .  .E1 E x, y F E x, x n E y, y Strictness
 .  .  .  .E2 E x, y s E y, x Symmetry
 .  .   .  ..  .  .E3 E x, y ) E y, y ª E y, z F E x, z Transitivity .
 .Then the pair X, E is a M-¨ alued model of the formalized theory of
 4identity and extent of existence with F s B and P s e, @ , # . In view of
 .  w x.the following considerations X, E is also called a M-valued set cf. 16 .
We close this section with a historical remark: The idea to introduce an
existence predicate to the formalized theory of identity goes back to the
w xwork of Scott 43 . In particular, in the case of intuitionistic logic the
 .  .axioms IE1 ] IE5 reduce to the well-known intuitionistic axioms of
 w x.identity and existence cf. 43 .
3.3. Subobject Classifier Diagram
In this section we take the conception seriously to view lattice-¨ alued
maps as membership functions of a new type of sets}so-called ``fuzzy
sets.'' We remind the reader that in the category SET of ordinary sets and
w x.  4maps as morphisms 11 0, 1 -valued maps describe subsets in the follow-
 w x.  4  4  .ing sense cf. 23 : Let t: ? ¬ 0, 1 be a map defined by t ? s 1; then
 4for each 0, 1 -valued map x with domain X there exists a unique subset U
of X s.t.
6
 4?U i s inclusion map from U into X .U
t
6
iU
66
 4X 0, 1x
w xis a pullbacksquare 11 . On the other hand, if U is a subset of X, then
 4there exists a unique map x : X ¬ 0, 1 s.t.U
6
 4?U
t
6
iU
66
 4X 0, 1xU
is a pullback square.
Now we pose the most fundamental problem of monoidal logic: Let
 .M s L, F , ) be an integral, commutative cl-monoid and let M-SET be
the category of separated M-valued sets}i.e., M-SET consists of the
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 .  .following data: Objects are separated M-valued sets X, E }i.e., X, E is
 .a M-valued set cf. 3.2.1 and E is provided with the additional property
 .  .  .  .  .E4 E x, x k E y, y F E x, y implies x s y Separation ;
 .  .Morphisms are structure preserving maps}i.e., f : X, E ¬ Y, F is a
M-SET-morphism iff f : X ¬ Y is a map subjected to the axioms
 .   .  ..  .  .m1 F f x , f x F E x, x Strictness
 .  .   .  ..  .m2 E x , x F F f x , f x Preservation of equality .1 2 1 2
PROBLEM. Does there exist a category C , a C-object V, and an arrow
 .t: 1 ¬ V where 1 denotes the terminal object of C s.t.
1. Lattice-valued maps can be internalized as C-morphisms with
codomain V.
2. For each C-morphism x : X ª V there exists up to an isomorphism
iU
a unique subobject U ¬ X s.t. the diagram
6
U 1
6
tiU
66
X Vx
is a pullback square
iU  .3. Let U ¬ X be a subobject of X, and let x , x be a pair of1 2
C-morphisms provided with the property that the diagrams
6 6
U 1 U 1
6 6
t ti iU U
6 66 6
X V X Vx x1 2
are pullback squares; then x s x .1 2
 w x.4. C is monadic over M-SET cf. 1 ?
Property 3 means the unique classification of classifiable subobjects, and
Property 4 insists on a special relationship between M-valued sets and
C-objects.
In the case of GL-monoids M a positive solution of the above problem
is given by the category of separated presheaves over GL-monoids cf.
w x.Sections 5, 6 in 16 . Here we recall that a GL-monoid is an integral,
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divisible, commutative cl-monoid. In particular, the relation
a n b s a ) a ª b ;a , b g L .
always holds.
 .DEFINITION 3.3.1 Separated presheaves over GL-monoids . Let M s
 .  w x.L, F , ) be a GL-monoid cf. 15 . Further, let X be a nonempty set, E:
 .X = X ¬ L and r : X = L ¬ X are maps. The triple X, E, r is called a
separated presheaf over M iff the following conditions are satisfied:
 .  .i X, E is a separated M-valued set.
 .   ..   .  ..  .ii r x, E x, x s x, E r x, a , r x, a s E x, x n a
 .   . .   ..iii r r x, a , b s r x, a n b
 .  .   . .   . ..   .  ..iv E x, z ) E x, x ª a n E y, y ª b F E r x, a , r y, b .
 .  .Remark 3.3.2 Freely generated, separated presheaves . Let X, E be
 .  .a M-valued set cf. 3.2.1 . Then a standard singleton of X, E is a map
s: X ¬ L having the following form: There exists x g X and a g L
such that
s z [ s z s E x , x ª a ) E x , z . .  .  .  . . x , a .
Ä Ä .Let X be the set of all standard singletons of X, E . We define on X an
Ä Ä ÄM-valued equality E and a restriction map ° : X = L ¬ X by
ÄE s , s . x , a .  y , b .
s s z ) s z ª s z .  .  .E H x , a .  x , a .  y , b . /  / /
zgX zgX
n s z ) s z ª s z .  .  .E H y , b .  y , b .  x , a . /  / /
zgX zgX
s ° g z s E x , x n a ª g ) s z , z g X . .  .  . . . . x , a .  x , a .
It is not difficult to verify
ÄE s , s s E x , y ) E x , x ª a n E y , y ª b , .  .  .  . .  . . x , a .  y , b .
s ° g s s . x , a .  x , a n g ..
Ä Äw x  .Hence, we infer from Lemma 4.8 in 16 that X, E, ° is a presheaf over
ÄM. Moreover, E is separated. In fact, we deduce easily from
ÄE x , x n a F E s , s .  . x , a .  y , b .
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the following relation:
s z s E x , x n a ) E x , x n a ª s z .  .  .  . .  . . x , a . 0  x , a . 0
F s z ) s z ª s z F s z . .  .  .  .H x , a . 0  x , a .  y , b .  y , b . 0 /
zgX
Ä Ä . Summing up, X, E, ° is a separated presheaf o¨er M generated freely by
 .  w x..X, E cf. Theorem 4.7 and Theorem 4.9 in 16 .
 .EXAMPLES 3.3.3. a Let ° : L = L ¬ L be defined by a ° g s a n g .
 .Then 1 s L, n , ° is a separated presheaf over M generated freely by
 4 .? , f , where ?f ?s 1.
 .  .b Let R be the set of all pairs a , l g L = L with l F a . WeL
define E : R = R ¬ L and r : R = L ¬ R byL L L L L L
E a , l , b , m s a ) l ª m n b ) m ª l .  .  .  . .  .  .L
r a , l , g s a n g , l n g . .  .  . .  .L
w x  .Referring to Lemma 6.1 in 16 we obtain that V s R , E , r is aL L L
separated presheaf.
 .  .c Standard singletons of metric spaces . Let us view the real unit
w x w xinterval 0, 1 as a complete MV-algebra}i.e., we consider M s 0, 1 ,
.  .F , T cf. Section 3.1 . Then every metric d : X = X ¬ R induces anm
M-valued equality E on X byd
E x , y s max 1 y d x , y , 0 . .  . .d
 .Referring to 3.3.2 every metric space X, d induces a separated presheaf
 .which is freely generated by X, E .d
With regard to applications to problems of fuzzy control theory cf.
.Section 4.2 we quote standard singletons on the real line R with respect to
two metrics on R:
11: x / y
< <d x , y s , d x , y s ? x y y . .  .dis e 50: x s y e
 . c1 In the case of d , standard singletons are determined by Fig.dis
.1
a : x s as x s . .a , a .  50: x / a
It is interesting to note that for many years functions of type sa, a .
 w x. .appeared in the literature under the name `` fuzzy points'' cf. 34 .
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FIGURE 1
 .c2 In the case of d , standard singletons are triangle-shaped func-e
 .tions Fig. 2 :
< <¡ 0: a y a ? e - x
1
? x y a q a : a y a ? e F x - a .~s x s .e .a , a .
1
? a y x q a : a F x F a q a ? e .¢
e
This type of function plays a dominant role in fuzzy control.
 .The category SPSH M of separated preshea¨ es o¨er M consists of the
 .following data: Objects are separated presheaves X, E, r over M and
 .morphisms are structure preserving maps}i.e., f : X , E , r ¬1 1 1
FIGURE 2
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 .X , E , r is a presheaf-morphism iff f : X ¬ X is a map subjected to2 2 2 1 2
the axioms:
m1 E x , x s E f x , f x , x g X , .  .  .  . .1 2 1
m2 E x , x F E f x , f x , x , x g X , .  . .  . .1 1 2 1 1 1 1 1
m3 f r x , a s r f x , a , x g X . .  .  . . .1 2 1
 .Remark 3.3.4 Internalization of extensional lattice-valued maps . Let
 .  .X, E be a M-valued set cf. 3.2.1 and h: X ¬ L be a strict, extensional
map}i.e., h satisfies the subsequent inequalities:
IE59 .
h x F E x , x Strictness .  .  .
E x , x ª E x , y ) h x F h y Extensionality . .  .  .  .  . .
Referring to Section 3.2 we can view h as a M-valued interpretation of a
unary predicate within the formalized theory of identity and existence.
  ..Because of the strictness h induces a map h*: X ¬ R cf. 3.3.3 b asL
h* x s E x , x , h x , x g X . .  .  . .
   ..In particular, the extensionality of h is equivalent to cf. 3.3.3 b :
E x , y F E h* x , h* y , x , y g X . .  .  . .L
Ä Ä .  .  .Since the presheaf X, E, ° is freely generated by X, E cf. 3.3.2 h*
> Ä Ä .admits a unique extension to a presheaf-morphism h : X, E, ° ¬ V
  ..  w x. >s R , E , r cf. Theorem 4.9 in 16 . Obviously h is given byL L L
ha s s E x , x n a , h x n a . .  .  . .  . . x , a .
Because of
s z ) s z ª h z s h x n a .  .  .  .E H x , a .  x , a . /  /
zgX zgX
 .we can understand h x n a as the degree to which the standard singleton
s ``is contained in h.'' x, a .
 . EXAMPLE 3.3.5 Arrow true . It is not difficult to show that 1 s L,
.  .n, ° is the terminal object in the category SPSH M . Moreover, since 1 is
 4 .   ..  4freely generated by ? , f cf. 3.3.3 a , the map c: ? ¬ R defined byL
 .  . >c ? s 1, 1 has a unique extension to a presheaf-morphism t [ c : 1 ¬ V.
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If we interpret a g L as the domain of ``true'' in this context ``false'' is
.``true'' with empty domain , then it is reasonable to understand t as arrow
true. In particular, t is given by
t a s a , a , a g L. .  .
Now we are in the position to discuss the subobject classifier diagram in
 .  .  .SPSH M : Let X, E be a M-valued set cf. 3.2.1 and h: X ¬ L be
a strict and extensional membership function i.e., a lattice-valued map
 w x..  .  w x.cf. 50 . Since SPSH M is a complete category cf. Theorem 5.1 in 16 ,
we can compute the pullback of the diagram
1
66Ä Ä VX , E, ° .
 .i.e., we determine the subobject U, F, r s.t. the resulting diagram,
6U, F , r . 1
6
tf
66Ä Ä VX , E, ° . >h
is a pullback square. It is not difficult to show that the subpresheaf
 .U, F, r over M is given by
ÄU s s g X ¬ h x n a s E x , x n a .  . 5 x , a .
Ä<F s E , r u , a s u ° a u g U. .U=U
ÄIn particular, f denotes the inclusion map from U into X. We make the
important observation:
s g U m s z F h z ;z g X . .  . x , a .  x , a .
In fact, if we use the definition of s and the extensionality of h, then x, a .
the previous equivalence is based on the following relation:
s z s E x , x ª a ) E x , z .  .  . . x , a .
s E x , x n a ) E x , x ª E x , z .  .  . .  .
s h x n a ) E x , x ª E x , z .  .  . .  .
F h z . .
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Hence, the support set U consists of all standard singletons s which x, a .
are ``contained in h.''
Moreover, if there exists a further, strict, and extensional map k: X ¬ L
>  .s.t. k classifies U, F, r }i.e., the diagram
6U, F , r . 1
6
tf
66Ä Ä VX , E, ° . >k
is a pullback square, then we obtain
ÄU s s g X ¬ E x , x n a s k x n a . .  . 5 x , a .
 .  .  .  .Therefore, s z F k z , s z F h z hold for all x, z g X. Since x, h x ..  x, k x ..
h and k are strict and extensional, we conclude
h z s s F k z .  .E  x , h x ..
xgX
k z s s F h z ; .  .E  x , k z ..
xgX
hence h and k coincide.
 w x.  .MAIN RESULT 3.3.6 CF. 6.6 AND 6.7 IN 16 . Let M s L, F , ) be a
GL-monoid. Then every strict and extensional membership function i.e.,
.  .lattice-valued map h can be identified in the above sense with a
subpresheaf over M, the support set of which coincides with the set of all
standard singletons ``contained in h.'' Hence, classifiable subpresheaves of
freely generated presheaves over M are fuzzy sets.
Â4. POINCARE PARADOX AND FUZZY CONTROL
The purpose of this section is to present the mathematical semantics of
fuzzy control methods. This is all the more necessary, since various
publications in the field of fuzzy control are based much more on an
intuitive understanding of the given control problem than on concrete
 w x.mathematics cf. 25, 26 . Exemplarily, we refer to the debate whether the
IF-THEN-RULES appearing in Mamdani's method have to do with logical
deduction or consists only of simple instructions for certain actions.
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Starting from the so-called Poincare paradox we emphasize that theÂ
fundamental phenomena behind all fuzzy control problems are indistin-
guishability and local existence of inputroutput data.
4.1. Indistinguishability and Non-transiti¨ ity
In most of the real world problems the precise value of real numbers is
 .less important; rather the magnitude of data resp. objects plays a crucial
role. In various cases ``magnitude'' itself is formulated by a context
dependent identification process}e.g., two real numbers a and b are
identified, provided the absolute value of their difference is less than a
given context dependent positive real number e ,
< <a f b m a y b - e .e
It is easy to see that f is a reflexive, symmetric, but non-transiti¨ ee
relation on R}a phenomenon quite common in cluster analysis.
The insight into the importance of reflexive, symmetric, non-transitive
relations for applied configurations is not new and goes back to the work
of Poincare, 1902r1904. Later on, Menger took up Poincare's positivisticÂ Â
conception of the physical continuum and explained on the occasion of the
 w x.Mach Symposium, 1966, the situation as follows cf. 32 :
It has often been said that, from an empirical point of view, the application of
irrational numbers to space is illusory, since no observation can distinguish
irrational from rational numbers. But neither is a rational number or even an
integer ascertainable as the abscissa of a point on a line. Whereas in counting
discrete elements, say apples in a basket, one may arrive at the number 12 and
then is sure that the contents are not 11.97 or 12.02 apples, the statement that
the abscissa of a point on a line is 12 cannot be more strongly supported then
the claim that the abscissa be 12 plus some sufficiently small but otherwise
arbitrarily chosen number, which may be rational or irrational. From the
positivistic point of view the difficulty in describing continua does not lie in the
use of special kinds of numbers. It lies in the identification of individual
elements, in particular in their description by numbers of any kind. . . .
No one was more keenly aware of the problems connected with the notion of
the physical continuum than Poincare, who emphasized the difficulties on manyÂ
occasions, e.g., in La science et l'hypothese, La ¨aleur de la science, and DesÁ
fondements de la geometrie. In all these books he characterized the physicalÂ Â
continuum by the formulae
A s B , B s C , A / C Poincare paradox .Â
symbolizing the fact that an element of a physical continuum may be indistin-
guishable from two others that can be distinguished from one another.
Returning for a moment to the identification process expressed by non-
 .transitive binary relations we encounter a fundamental, mathematical
problem.
FUNDAMENTALS OF FUZZY SET THEORY 813
PROBLEM. Contrary to equivalence relations the quotient w.r.t. reflex-
ive, symmetric, but non-transitive relations does not exist.
Hence a clear mathematical understanding of the involved identification
process is lacking. As an illustration of this situation let us consider again
the relation f : Even though in a given experimental environment wee
might have on our fingertips an intuitive idea of ``magnitude,'' its mathe-
matical description is on the whole not apparent. If E and E are1 2
equivalence relations on R with
1 < <x F 1 y r F x F x where r x , y s min 1, ? x y y , .  .P e f P e e1 e 2
 . then E s D is the discrete reflexive relation and E coincides due to1 R 2
.the chaining effect with the indiscrete relation}i.e., E s R = R. Refer-2
ring to Menger's argumentation there does not exist any positivistic
 .support for E i.e., E cannot be derived by means of obser¨ ations ; on1 1
the other hand, E identifies all real numbers and is obviously inconsistent2
with the intuitive idea of ``magnitude.''
As a first vague step towards a mathematically consistent description of
continua, Menger proposed to introduce ``hazy lumps'' as a primitive
 w x.concept; we quote Menger again cf. 32 :
I believe that the ultimate solution of the problems of microgeometry lies in a
probabilistic theory of hazy lumps, . . . which . . . admit an intermediate stage
between indistinguishability and apartness, namely that of o¨erlapping . . . . The
essential feature of this theory would be that lumps would not be point sets; nor
would they reflect circumscribed figures such as ellipsoids. They would rather
be in mutual probabilistic relations of overlapping and apartness, from which a
metric would have to be developed.
We can make this idea precise.
 .Remark 4.1.1 Hazy lumps and fuzzy equalities . Let X be a non-empty
w xset consisting of names of ``hazy lumps.'' A map E: X = X ¬ 0, 1 is
called a fuzzy equality on X iff E satisfies the following axioms:
 .  .   .  ..e1 E x, y F min E x, x , E y, y
 .  .  .e2 E x, y s E y, x
 .  .  .  .  .e3 E x, y q E y, z y E y, y F E x, z .
 .  .Then the value E x, y represents the o¨erlap of x and y, and E x, x the
extent of existence of x}i.e., the overlap of x with itself. In particular x
and y are in an intermediate state between indistinguishability and apart-
ness iff the relation
0 - E x , y - min E x , x , E y , y .  .  . .
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holds. Further, it is interesting to see that Menger 's imperati¨ e of an
underlying metric can be satisfied in the following sense: Every fuzzy
equality E on X induces a pseudometric r on X byE
E x , x q E y , y .  .
r x , y s y E x , y . .  .E 2
 .  .a Let E be a fuzzy equality on X with 0 - E x, x for all x g X.
 .  .4Then R [ x, y g X = X ¬ 0 - E x, y is a reflexive, symmetric, but inE
 .  .general non-transiti¨ e binary relation. In this sense X, E can be viewed
as a mathematical model being compatible with the Poincare paradox.Â
 .b Every pseudometric r on X and every non-expansi¨ e map d:
w x <  .  . <  .X ¬ 0, 1 }i.e., d x y d y F r x, y }determines a fuzzy equality
E by r , d.
E x , y s max d x q d y y r x , y y 1, 0 , x , y g X . .  .  .  . . r , d.
On the real unit interval let us consider the canonical MV-algebra
w x .  .  .structure}i.e., I s 0, 1 , F , T , where T x, y s max x q y y 1, 0 .m m
In particular èukasiewicz implication ª is given by x ª y s min 1 y
.  .  .x q y, 1 . Then we conclude from the axioms e1 ] e3 that fuzzy equalities
and I-valued equalities come to the same thing}i.e., fuzzy equalities are
precisely I-valued models of the formalized theory of identity and exis-
tence w.r.t. Łukasiewicz logic.
 w x.It is well known cf. 29 that èukasiewicz logic admits contradictory
 .situations}e.g., the well-formed formula ! a n ! a is not pro¨able
w.r.t. èukasiewicz sentential calculus. Therefore it is not surprising that
 .the logical axioms of èukasiewicz logic i.e., the so-called Wajsberg axioms
are compatible with the Poincare paradox. In particular the well-formedÂ
formula
x s y n y s z ª x s z .  .  . . .
 .is not provable within IE s formalized theory of identity and existence
w.r.t. èukasiewicz logic.
4.2. Mathematical Semantics of Fuzzy Control Theory
The aim of this section is to present fuzzy equalities or more general
 .M-valued equalities w.r.t. GL-monoids M as the underlying basis of the
mathematical semantics of fuzzy control.
A control situation comprehends a system S, an input universe of
discourse X and an output universe of discourse Y. X is usually the set of
measured values of input variables and Y represents values of output
variables}so-called control actions for the system S under control. More-
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over, a fuzzy system is characterized by an intrinsic indistinguishability of
 .values of state variables e.g., position, velocity of a particle .
The basic task of designing a controller for S consists in specifying a
function which associates with each input value an appropriate output
 .value i.e., control action . In the case of fuzzy systems the performance of
this task is rather complicated: Due to the underlying indistinguishability
precise measurements of values of state variables are impossible.
As a first step towards a solution we apply to observe process data of S
 .certain fuzzy clustering procedures. This approach leads to vague de-
scriptions of inputroutput values and, in particular, to a fuzzy partition of
 .the given input resp. output universe. Usually these values are repre-
 w x .sented by lattice-valued resp. 0, 1 -valued maps A, B, . . . , and the dy-
 .namics of the system S are characterized by a finite collection of
IF-THEN-RULES}e.g.,
x is A then y is B1 1
x is A then y is B2 2
. .. .. .
x is A then y is B .n n
We aggregate these information and express in accordance with Mamdani's
 w x. method cf. 31, 22 the dynamic behaviour of S by the map resp. fuzzy
.relation R: X = Y ¬ L,
n
R x , y s A x n B y ; x , y g X = Y . .  .  .  .E i i
is1
In order to obtain in this situation a control function we are facing two
important problems:
v For the implementation of crisp input data we need a fuzzification
operator on X.
v For the derivation of crisp output data from the underlying fuzzy
relation R we need a defuzzification operator.
A glance at the literature shows that in this respect all methods are quite
ad hoc and without any convincing semantics.
 .Referring to concepts from non-classical model theory cf. Section 3 we
are now in the position to provide fuzzy control theory with the necessary
mathematical foundations. The following considerations are based on two
important notions: Singleton and M-¨ alued equality. For the sake of sim-
 .plicity we now assume that M s L, F , ) is a GL-monoid in which ) is
distributive over arbitrary meets
a ) b s a ) b . .H Hi i /
igI igI
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This property is obviously shared by complete Heyting algebras, as well as
 w x .by complete MV-algebras cf. Theorem 5.2 in 15 ; see also Section 3.3 .
 .  .  .DEFINITION 4.2.1 Singleton . Let X, E be a M-valued set cf. 3.2.1 .
A map s: X ¬ L is called a singleton iff s satisfies the following condi-
tions:
 .  .   .  ..  .  .S1 s x ) E x, x ª E x, y F s y Extensionality
 .   .  ..  .  .  .S2 E s ª s x ) s y F E x, y Singleton condition , where
 .  .E s s E s x .x g X
 .  .  .From S2 we infer that every singleton s is strict}i.e., s x F E x, x .
 .Hence, singletons can be viewed as local points and quantities E s as the
extent of existence of s. Moreover, we notice that standard singletons cf.
.3.3.2 are always singletons.
 .  4THEOREM 4.2.2 Fuzzy partitions . Let F s f ¬ i g I be a family ofi
 .  .L-¨alued maps f : X ¬ L, and let E f be the height of f }i.e., E f si i i i
 .E f x . Then the following assertions are equi¨ alent:x g X i
 .i There exists a M-¨ alued equality E on X s.t.
 .1 all f are singletons w.r.t. Ei
 .  .  .2 E x, x s E f x for all x g X.ig I i
 .  .ii For all pairs f , f g F = F the relationi j
¡
f x ª f x ) f x .  .  .E E l i j / /
xgX lgI
~ F E f ) f y ª f y .  .  .Hi i jD .  / /
ygX
n E f ) f y ª f y .  . . Hj j i / /¢ ygX
holds.
 .  .  .Proof. a Let E be a M-valued equality on X such that 1 and 2 are
 .  .valid. Then we deduce from S1 and S2 the following chain of inequali-
ties:
f y ) E f ª f x ) f x ª f x .  .  .  .  . . Ei i i l j / /
lgI
F E x , y ) E x , x ª f x F f y . .  .  .  . .j j
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Hence, we obtain
f x ) f x ª f x F E f ) f y ª f y . .  .  .  .  .  .E E Hi l j i i j /  / /
xgX lgI ygX
Since in the preceding argumentation the roles of f and f are inter-i j
 .changeable, assertion ii follows.
 .b The family F induces a M-valued equality E on X by0
E x , y .0
s f x ) f x ª f y .  .  .E Hl i i /  / /
lgI igI
n f y ) f y ª f x . .  .  .E Hl i i /  / /
lgI igI
 .  .  . The axioms E1 and E2 are evident. In order to verify E3 i.e., the
.transitivity we proceed as follows:
E x , y ) E y , y ª E y , z .  .  . .0 0 0
F f x ) f x ª f y .  .  .E Hl i i /  /
lgI igI
) f y ª f y ) f y ª f z .  .  .  .E E Hl l i i /  /  / / /
lgI lgI igI
F f x ) f x ª f y ) f y ª f z .  .  .  .  .E H Hl i i i i /  /  /
lgI igI igI
F f x ) f x ª f z . .  .  .E Hl i j /  /
lgI igI
E x , y ) E y , y ª E y , z .  .  . .0 0 0
F f y ) f y ª f x .  .  .E Hl i i /  /
lgI igI
) f y ª f z ) f z ª f y .  .  .  .E E Hl l i i /  /  / / /
lgI lgI igI
F f z ) f z ª f y ) f y ª f x .  .  .  .  .E H Hl i i i i /  /  /
lgI igI igI
F f z ) f z ª f x . .  .  .E Hl i i /  /
lgI igI
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 .  .c We assume that assertion ii holds and show that f is a singletoni
w.r.t. E . The extensionality of f follows from0 i
f x ) E x , x ª E x , y .  .  . .i 0 0
F f x ) f x ª f x ) f x ª f y .  .  .  .  .E E Hi l l j j /  /  / / /lgI lgI jgI
F f y . .i
 .Now we embark on assertion ii and obtain
E f ª f x ) f y ) f x ª f x .  .  .  .  . . Ei i i l j / /
lgI
s E f ª f y ) f x ) f x ª f x .  .  .  .  . . Ei i i l j / /
lgI
F E f ª f y )E f ) f z ª f z F f y . .  .  .  .  .  . . Hi i i i j j /
xgX
Hence, the relation
E f ª f x ) f y .  .  . .i i i
F f x ª f x ª f y n f x .  .  .  .E El j j l /  / / /
lgI lgI
s f x ) f x ª f y .  .  . .E l j j /
lgI
follows for all j g I. Now we apply the distributivity of ) over arbitrary
meets and obtain
E f ª f x ) f y F f x ) f x ª f y . .  .  .  .  .  . . E Hi i i l j j /  /
lgI jgI
Since the roles of x and y are interchangeable, the singleton property is
verified for f .i
 .  .We associate with the relation D in assertion ii of Theorem 4.2.2 the
interpretation:
 . The ``degree of overlap'' of f and f implies the ``degree of equality'' of fi j i
.and f .j
 .In this sense D is the M-valued equivalent to the disjointness condition
of binary-valued partitions; in other words, every family F of L-valued
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 .maps with common domain which satisfies condition D is a fuzzy
partition.
 w x.EXAMPLES 4.2.3 Fuzzy partitions on 0, 1 . As an underlying GL-
w x .  .monoid we choose the complete MV-algebra I s 0, 1 , F , T cf. 4.1 .m
 .Hence the logical framework is given by èukasiewicz logic cf. 3.1.14 .
 .  4 w x w xa Let F s f , f be a set of two functions f : 0, 1 ¬ 0, 1 and0 1 0
w x w xf : 0, 1 ¬ 0, 1 defined by1
f x s max 1 y 2 x , 0 , f x s max 2 x y 1, 0 . .  .  .  .0 1
 .  .Because min f , f s 0 it is easy to see that F satisfies D }i.e., F is a0 1
w xfuzzy partition on 0, 1 . Moreover, the corresponding I-valued equality E0
  . .  .is given by cf. part b of the proof of 4.2.2 Fig. 3
1¡ ¦min 1 y 2 x , 1 y 2 y : x , y g 0, . 2~ ¥1E x , y s . . min 2 x y 1, 2 y y 1 : x , y g , 1 .0 2¢ §
0: else
 .  .Referring to 4.1.1 every I-valued i.e., fuzzy equality determines a pseudo-
metric r . In te case of E s E it is interesting to see that r coincidesE 0 E0
 . w xwith the usual Euclidean metric resp. distance on 0, 1 . In particular, E0
  ..has the representation cf. 4.1.1 b
< <E x , y s d x q d y y x y y y 1, .  .  .0 0 0
 .  . w xwhere d z s max 1 y z, z for all z g 0, 1 .0
 . w x `b Let D be the set of all dyadic numbers of 0, 1 }i.e., D s D D ,ng N n
 yn n4where D s i ? 2 ¬ i s 0, 1, 2, . . . , 2 . For every a g D we define a mapn
w x w x   ..f : 0, 1 ¬ 0, 1 by cf. 3.3.3 ca
< <f x s 1 y a y x . .a
FIGURE 3
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Then we make the following observations:
v   .  ..   .  .. < <f x ª f x n f x ª f x s 1 y a y bH a b b a
xgX
v  .  .  .f x s f y m x s a q b r2a b
v
y nq1.  . 4 w xmax f x ¬ a g D G 1 y 2 for all x g 0, 1a n
v   .  .. < < w xmin f x , f x F 1 y a y b r2 for all x g 0, 1 .a b
 4  .Therefore it is not difficult to show that F s f ¬ a g D satisfies D ]i.e.,a
w xF is a fuzzy partition on 0, 1 . The corresponding I-valued equality E is0
  . .  .given by cf. part b of the proof of 4.2.2 Fig. 4
< <E x , y s 1 y x y y .0
and once again r coincides with the usual Euclidean metric resp.E0
. w xdistance on 0, 1 .
Comment. Even though in both examples in 4.2.3 the Euclidean metric
is hidden, taking the semantical point of view presented in 3.2 and 4.1, we
realize that they are fundamentally different from each other.
 .Example 4.2.3 a deals with local existence. The local structure is basi-
cally determined by the function d . Looking at the graph of d we can0 0
understand the underlying system as the sliding transition between the
states 0 and 1. Evidently, the ideal of a sliding transition requires local,
intermediate stages of indistinguishability and apartness}a situation which
forms the crucial point in Menger's concept of hazy lumps.
 .  .In contrast to 4.2.3 a , Example 4.2.3 b deals with global existence and
presents a description of the ordinary, real unit interval by a countable
FIGURE 4
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fuzzy partition. Intuitively, this ``partition'' can be viewed as a certain
w xdiscretization of 0, 1 .
Now we are in the position to formulate all steps which a fuzzy control
engineer has to perform:
 .  .1. A fuzzy system S with input resp. output universe X resp. Y is
given.
2. The engineer chooses w.r.t. the dynamics of S a suitable fuzzy
partition of X, respectively of Y}i.e., he selects a class of maps f :i
X ¬ L and g : Y ¬ L provided with the following properties:i
 .  .  .a E f s E g }i.e., the height of f and g coincides for alli i i i
i g I.
 .  4  4  .b f ¬ i g I and g ¬ i g I satisfy condition D .i i
3. The engineer selects M-valued equalities E on X and F on Y,
satisfying the subsequent conditions
E f ª f x ) f x F E x , x F f x ) f x ª f x .  .  .  .  .  .  . .  .Ei i 1 i 2 1 2 l 1 i 1 i 2 /
lgI
E g ªg y ) g y FF y , y F g y ) g y ªg y .  .  .  .  .  .  . .  .Ei i 1 i 2 1 2 l 1 i 1 i 2 /
lgI
E x , x s f x , F y , y s g y .  .  .  .E El l
lgI lgI
for all x, x , x , y, y , y and for all l, i g I. The existence of E and F1 2 1 2
 . .follows from step 2 b and Theorem 4.2.2.
4. The engineer has to determine a map f: X ¬ Y provided with
the following properties:
 .  .   .  ..  .   .  ..C1 E x, x s F f x , f x , E x , x F F f x , f x1 2 1 2
 .  .   .   . ..  .C2 f x ) E x, x ª F f x , y s g y for all y g Y andE i i
xgX
i g I.
 w x.We point out that in step 3 the fuzzification problem is solved cf. 25 . By
virtue of the existence of M-valued equalities we can identify each crisp
 .value x g X resp. y g Y with a singleton in the sense of Definition0 0
4.2.1 as
x x s E x , x , x g X , resp. y y s F y , y , y g Y . .  .  .  . .Ä Ä0 0 0 0
 w x.Further, step 4 solves the defuzzification problem cf. 25 . In particular, a
 .  .map satisfying C1 and C2 is called a control map w.r.t. the given fuzzy
ULRICH HOHLEÈ822
 4  4  .partitions f ¬ i g I and g ¬ i g I . Condition C1 means that f is ai i
 .M-SET-morphism, and C2 guarantees that the singleton f is mapped toi
the singleton g .i
 .PROPOSITION 4.2.4 Properties of control maps . Let I be a non-empty
 4  4index set, F s f ¬ i g I be a fuzzy partition on X and let G s g ¬ i g I bei i
a fuzzy partition on Y. Further let f : X ¬ Y be a control map w.r.t. F and
 .G , and let R be the aggregated, dynamic information represented by F , G in
Mamdani's sense}i.e.,
R x , y s f x n g y . .  .  . .E i i
igI
Then the following relations are ¨alid:
 .   .. .  .i F f x , y F R x, y
 .   .  ..  .   . .ii E f ª f x ) g y F F f x , y .E i i i
igI
  ..  .Proof. From the strictness of f cf. C1 and from C2 we derive the
 .subsequent inequalities cf. Step 3.
F f x , y F f x ) g f x ª g y , .  .  .  . .  .E Hl i i /  /
lgI igI
f x s f x ) E x , x ª F f x , f x F g f x . .  .  .  .  .  . .  . .i i i
 .Hence, the relation i follows from
F f x , y F f x ) f x ª g y .  .  .  . . E Hl i i /  /
lgI igI
F f x n g y s R x , y . .  .  . .E l l
lgI
 .  .  .  .In order to verify ii we apply again C1 and C2 and obtain cf. Step 3
E f ª f x ) g y .  .  . .i i 0 i
s E f ª f x ) f x ) E x , x ª F f x , y .  .  .  .  . . . . .E i i 0 i
xgX
F E x , x ) E x , x ª F f x , y .  .  . .  .E 0
xgX
F F f x , f x ) F f x , f x ª F f x , y .  .  .  .  . .  . . .E 0
xgX
F F f x , y . . 0
 .Hence, relation ii is established.
 .COROLLARY 4.2.5 Fuzzy graph of control functions . The notations of
 .4.2.4 are maintained. Further let M s L, F , ) be a GL-monoid with
 w x.square roots cf. 15 .
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 .a E¨ery control function f satisfies the inequality
1r2R x , y F F f x , y for all x , y g X = Y . .  .  . . .
 .b If the underlying GL-monoid M is gi¨ en by a complete Heyting
 .algebra i.e., ) s n , then e¨ery control function f has the property
F f x , y s R x , y for all x , y g X = Y . .  .  . .
In particular, the gi¨ en fuzzy relation R coincides with the fuzzy graph of f.
 .Proof. Since M has square roots, we deduce from relation ii in 4.2.4
the following chain of inequalities
1r2 1r2
R x , y F f x ) g y .  .  . .  .E i i
igI
1r2 1r2F E f ª f x ) g y .  .  . .  .E i i i
igI
1r2F F f x , y ; . . .
 .hence a is verified.
 .  .By virtue of the idempotency of ) i.e., ) s n! assertion b follows
 .  .from assertion a and relation i in 4.2.4.
 .Assertion b of 4.2.5 shows that in the case of intuitionistic logic the
axiomatization of the fuzzy control problem accomplishes what we might
have expected; namely, the fuzzy relation R reflecting the dynamic be-
haviour of the given system S is in fact the fuzzy graph of the correspond-
ing control functions. Moreover, if the M-valued equality F on the
codomain Y is separated, then the control function f is uniquely determined
by R.
In the case of èukasiewicz logic e.g., when we are working with the
w x . w x.canonical MV-algebra structure 0, 1 , F , T on 0, 1 the axiomatizationm
of the fuzzy control problem does not lead to such a nice result as it does
in the intuitionistic case: Due to the non-idempotency of èukasiewicz
 w x.arithmetic conjunction T cf. 8 we only obtain an estimation of the formm
1 y F f x , y . .
0 F R x , y y F f x , y F .  . .
2
  . .which is satisfactory when F f x , y is close to 1.
Before we finish this section, we would like to make a remark especially
w x .addressed to practitioners of fuzzy sets: In the case of M s 0, 1 , F , Tm
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 .the morphism property m2 of the preservation of equality means that
small changes in the input universe result in small changes in the output
 .universe. Hence, m2 is a stability condition which engineers find neces-
sary for the application of control functions}i.e., for the performance of
control actions.
 .Remark 4.2.6 Historical comments . Global M-valued equalities}i.e.,
 .M-valued equalities satisfying, instead of e1 , the stronger condition
 .  .e1* E x, x s 1 for all x g X
 w x.appear in the literature under various names}e.g., L-nearness cf. 36 ,
 w x.  w x.indistinguishability operators cf. 48 , likeness relation cf. 41 . In all
these cases there was not made any attempt to formulate M-valued points
 .  .resp. global, fuzzy points or even singletons resp. local fuzzy points . As
w xwe already pointed out supra, Fourman and Scott 7, 43 were the first who
introduced the concept of local existence and in particular that of single-
tons. An extension of this concept to the scope of GL-monoids was carried
w xout in 14, 15 .
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